The transport properties of various systems are studied here in the context of three different models. These are: (i) the disordered Hubbard model applicable to correlated binary alloys with a general disorder, (ii) the Anderson model used in describing the Kondo physics of a quantum dot connected to the external superconducting leads, and (iii) the Ranninger-Robaszkiewicz model applied to the study of optical properties of the system with preformed electron pairs above the temperature of transition to the superconducting state. We calculate the density of states, specific heat, the Wilson ratio and conductivity of the correlated binary alloy with off-diagonal disorder. We investigate the conditions under which the Kondo peak appears in the density of states and in the conductance of a dot coupled to the external superconducting leads. We analyze the effect of the pseudogap on the optical spectra in the high temperature superconductors described by the boson-fermion model.
Introduction
The present paper discusses some issues relevant to very important issues of the modern condensed matter physics. These are related to the study of thermodynamic and transport properties of disordered alloys, the non-equilibrium transport of quantum dots between the external leads as well as some aspects of the high temperature superconductivity.
A number of heavy fermion and other correlated systems have been found with the general chemical structure in the form of MA x B 1−x . To describe their properties it is vital to take into account the correlated character of carriers and the presence of disorder. The interplay of disorder and the weak Coulomb interactions is of great importance in the description of numerous properties of real systems. The subject has been studied from a viewpoint of the weak coupling theory [1] and it has been found that renormalization procedure flows into the strong coupling regime. Therefor, we start here from the strong correlation limit.
Coulomb interactions are also of primary importance in nano-and mesoscopic systems which recently have become the subject of many studies due to their unusual properties and foreseeable technological applications. The quantum dot we study in section 3 is an example of such a system. Its importance lies both in the basic and in the applied research. It is an example of quantum impurity [2] with the controllable parameters. It permits to study the many body interactions in equilibrium and nonequilibrium conditions [3] . The recent proposals [4] to use quantum dots as building blocks of qubits (i.e., the elementary units of information in quantum computers) together with the predicable control of their decoherence by the external voltage [5] makes the subject even more interesting and worth studying.
The pseudogap phase of high temperature superconductors certainly belongs to the most puzzling behaviors ever observed in the condensed matter physics. The successes [6] of the boson fermion model, introduced by Ranninger and Robaszkiewicz and later studied by others [7] in elucidating important aspects of the pseudogap phase have encouraged us to look at its signatures in the transport properties. We have found strong effect of the pseudogap on the optical spectra above T c .
Strongly correlated alloys with off-diagonal disorder
Let us assume that disordered and correlated alloy can be adequately described by the following Hubbard Hamiltonian
Here t ij denote the hopping amplitudes for an electron to hop from site i to j or vice versa, c + iσ (c iσ ) is the creation (annihilation) operator of a spin σ electron at site i, µ is a chemical potential and U denotes the energy cost when two electrons occupy the same site. The site energies i take on two values A or B when site i is occupied by an A or B type electron i.e., we assume that the ideal crystal lattice is occupied at random by two types of atoms: A with probability x and B with probability (1 − x). Accordingly, the hopping integrals take on three values t AA , t AB = t BA and t BB .
To treat the many body interactions of (1) the slave boson technique has been introduced by Kotliar and Rückenstein [8] and used inter alia by Lavagna [9] to study the Mott metal-insulator transition in clean system. To calculate the averages over the disorder we use the coherent potential approximation (CPA) in its general version [10] capable of treating the diagonal (random site energies) and off-diagonal disorder (random hopping integrals). The present work generalizes our previous study [11, 12] of impure correlated materials. The general strategy is similar to that presented in [12] 
Additional conditions have to be applied to the boson fields as well as a new fermion operator to guarantee a conservation of the number of physically accepted states at a given site i, which can be either empty, singly or doubly occupied
and the conservation of charge
In the mean field approximation, boson operators are replaced by the numbers. However, in the disordered system we expect that these numbers will get the random values. To take these constraints into account one introduces the Lagrange multipliers λ (1) iσ and λ (2) iσ and the resulting model contains a disorder without interactions
Following [12] we minimize the energy of the system and find equations for the random values of auxiliary fields. Application of the CPA [10] permits us to solve the disordered problem and find the averaged and conditionally averaged Green functions. The details will be presented elsewhere [13] . This enables us to calculate thermodynamic and transport properties of the system. In particular, in figure 1 we show the density of states of a correlated alloy with diagonal disorder for three values of the Hubbard interaction U. Note the peak in the density of states emerging at low energies with an increasing disorder. This behavior has been observed previously [11] and discussed at length therein. For numerical purposes we consider the cubic lattice with the tight binding dispersion
where W = 6t is the bandwidth and t is the hopping integral. The electron specific heat c e shown in figure 2 has been calculated from the following formula where f (ω, T ) is the Fermi function at temperature T and D(ω) = −1/πIm G is the alloy density of states. The dc conductivity has been calculated from the KuboGreenwood formula averaged over the disorder with CPA. As usually the vertex corrections have been neglected in a spirit of the single site theory. Again, it is shown in figure 3 as a function of U. The non-monotonic dependence indicates a subtle interplay of the disorder and interactions. This issue will be discussed in depth elsewhere [13] .
Transport through Quantum Impurity Coupled to the Superconducting Leads
The study of quantum dots, both experimental and theoretical has been extensively continued over the last two decades or so [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Here we propose to calculate transport properties of the quantum dot (QD) connected to the superconducting leads (S − QD − S junction). It has to be noted that in this case, besides single particle tunnelling, the Andreev reflection processes [24] contribute to the transport of the system. The Andreev scattering, during which an electron impinging on the normal metal-superconductor interface is reflected back as a hole, has been shown to play a crucial role in the transport in various hybrid mesoscopic superconductivity devices [25] . Such quantum dot systems have been studied theoretically [26] [27] [28] [29] [30] [31] [32] [33] [34] but there exist very limited experimental data on the subject [35, 36] . Theoretical studies [26] [27] [28] [29] [30] [31] [32] [33] [34] of the current in the S − QD − S junctions have been mainly restricted to the case of classical superconductors with s-wave order parameter (see, however, [30] ). Here we shall be particularly interested in the studies of the transport via quantum dot coupled to the electrodes made of (the same or different) exotic superconductors with d-wave symmetry of the order parameter.
The purpose of the present work is to study the electron transport through the quantum dot coupled to the superconducting leads with various symmetries of the superconducting order parameter. The dot is described by the Anderson impurity model in the limit of the strong on-dot correlations (U → ∞). Due to large U, in the first approximation, one can neglect the Andreev reflections [28] and deal only with the single particle tunnelling. The effect of the Andreev processes on the tunnelling current through S − QD − S structures is left for the future publication.
In the limit of the strong on-dot correlations (U → ∞) the Anderson Hamiltonian [37] of the S −QD−S system can be written in the slave boson representation [38, 39] as
λ = L, R denotes here the left (L) or right (R) lead of the system. Other parameters have the following meaning: c + λkσ (c λkσ ) denotes a creation (annihilation) operator for a conduction electron with the wave vector k, spin σ in the lead λ, ∆ λk is the superconducting order parameter in the lead λ, and V λk is the hybridization matrix element between conduction electron of energy ε λk in the lead λ and the localized electron on the dot with the energy
is the fermion operator which denotes the singly occupied state on the dot, while b + (b) stands for empty state on the dot. Operator of the physical electron can be expressed by the product of the fermion and boson operators [38, 39] .
When the Andreev reflections are neglected, the tunnelling current in the S − QD − S system can be expressed in terms of the single particle spectral density of states of the dot [28] . The current flowing out of the lead λ is written by
where
. Using the equation of motion technique for the nonequilibrium Green functions [41] and making approximations due to Kang [28] we obtain the single particle current in the form
is the effective coupling of the quantum dot to the leads. To calculate G r σ (ω) we have used the modified slave boson approach [42, 43] and got
where τ 0 and τ 3 are the Pauli matrices. The noninteracting ( Σ 0 ) and interacting ( Σ I ) selfenergies and the matrix q will not be reproduced herein. Instead of It is worth noting that we deal now with the resonance in the DOS of the quantum dot, instead of the bound state, as for the s-wave superconductors. This is due to the finite DOS (except the point ω = µ) of the d-wave superconductor. Position of the resonance weakly depends on the voltage (µ L − µ R ). We also observe the additional structure near the energy ω ≈ ∆ d , as in the case of the BCS-like SC. figure 4 . Now we also have a well resolved structure coming from the s-wave superconducting gap. Such a behavior is expected due to the structure of the selfenergy ( Σ 0 + Σ I ). This is simply a sum of the densities of states for s-and d-wave SC.
As we mentioned earlier the current through the quantum dot should have two components. One component is connected with the single charge tunnelling and the second one comes from the Andreev reflection processes [24] . However, in our system the on-dot Coulomb repulsion U is assumed to be the largest parameter in the theory and is taken as infinitely large. So, at this condition Andreev processes are prohibited [28] and we have only the single particle component of the current.
The differential conductance of the quantum dot couple to the d-wave superconductors is displayed in figure 6 .
It is worthwhile noticing that the current does flow even for the eV SD < ∆ d , which is due to a finite value of DOS in the d-wave SC. The other features are 
Optical conductivity in the pseudogap region
One of the main theoretical issues presently widely debated in the literature concerns the pseudogap effect which has been observed experimentally above T c in the underdoped and optimally doped samples of high temperature superconductors. Since the single particle electron states are (partly) washed out from the same parts of the Brillouin zone where, for T < T c , the true superconducting gap is formed, it is quite natural to interpret this phenomenon as a precursor of superconducting correlations. The pseudo-and superconducting gaps are assumed there to be related with some common order parameter. In pseudogap state, the order parameter is affected by the strong quantum fluctuations. Hence, the long range phase coherence cannot be established. Although there are also alternative interpretations of the pseudogap effect (in terms of the competing orders, microscopic currents, etc.) it seems that the recent experimental facts [47] work in favor of the precursor scenario.
In this section we want to address a question whether the pseudogap (treated as a precursor of superconducting ordering) affects qualitatively the charge response of the system. For this purpose we investigate the two component model in which the single particle charge carriers (fermions) are assumed to coexist and interact with the preformed pairs (the hard-core bosons). Hamiltonian of such boson fermion model is given by
Its relevance to the high T c superconductivity as well as the precursor type features have been discussed in a number of papers [7] . Let us suppose that this two component system (12) reacts to the ac electric field E(r, t). Within the linear response theory, the induced current j(r, t) is expected to scale linearly with a perturbation. Fourier transform of the current density can be written as
where α, β stand for the Cartesian coordinates. The complex conductivity σ(q, ω) can be determined using the Kubo formula [48] which in the case of the two component system (12) is given by
n F and n B denote the concentration of fermions (carrying the elementary charge e) and bosons (of the double charge 2e). The retarded current-current correlation function Π α,β (q, ω) appearing in (14) is defined in a standard way
where the total current operator is composed correspondingly of the fermion and boson contributions j = j
In order to determine the paramagnetic part of the conductivity (14) which is given there by Π α,β (q, ω) one has to calculate the two-particle Green function (15) . Within the lowest order perturbation theory it can be estimated from the bubble diagram, which effectively represents a convolution of the single particle fermion or boson propagators. Many body effects are included on this level of approximation through the quasiparticle damping.
The proper description of transport requires vertex corrections to be taken into account [48] . However, for the ordered phases (such as superconducting, ferromagnetic, etc.) it is usually fairly sufficient to work with the lowest order estimation of Π α,β (q, ω). The main effect of interactions comes there due to the gapped structure of the single particle excitations. In the pseudogap phase we deal with a short range ordering leads to the partial suppression of the low lying single particle states. We can thus use the lowest order estimate for Π α,β (q, ω) at least as a starting point of our discussion.
The current-current correlation function (15) consists of the following four terms Π = Π F,F + Π B,B + Π F,B + Π B,F which correspond to fermion-fermion, boson-boson and the mixed current correlation functions. In the normal phase T > T c a main contribution to the charge transport comes from the first two terms. The other mixed correlation functions play a considerable role only in the superconducting state as discussed in [49] . Using the above mentioned approximations we can express the correlation functions via
where f (x, t) and b(x, T ) stand for the Fermi-Dirac and Bose-Einstein distribution functions. Moreover, we introduced the spectral functions
q . The fermion and boson excitation spectra are found using the canonically transformed Hamiltonian H(l) = e S(l) He −S(l) [50] , where upon a suitable choice of S(l) in the limit l → ∞ the subsystems become disentangled one from another. To some extent such a transformation resembles the numerical renormalization group procedure with the cut-off Λ = 1/ √ l [51] . Effective energies are renormalized to: ε k − µ −→ε k , E q − 2µ −→Ẽ q and v → 0. For the temperature regime T * > T > T c , the resulting fermion spectrumε k shows up the asymmetric pseudogap structure near the Fermi momentum k F as discussed in [50] . The same procedure applied to the calculation of the single particle Green functions gives for T > T c the following fermion spectral function [6] 
andr k,q are correspondingly given by the renormalization equations in [6] . We notice that A F (k, ω) describes the long-lived quasiparticles of energyε k and the remaining part of the spectral weight 1−|P k | 2 is distributed among the damped fermions states which build up a broad incoherent background.
For temperatures approaching T c , all bosons start to occupy only the lowest lying states such thatẼ q ∼ 0 which correspond |q| q crit . Occupancy of the low momentum boson states is much larger than the Fermi function f (ε q−k ) and the spectral function effectively becomes where the second part gives rise to the appearance of the Lorentzian peak centered around ω = −ε −k . This is a shadow branch of the Bogoliubov spectrum shown in figure 8 . It is broadened because the fermion Cooper pairs can be present above T c only as the damped quasiparticles [6] . Charge transport of the system will be affected by the excitations induced by the electromagnetic field between these two Bogoliubov branches which are split around the Fermi energy by the pseudogap 2∆ pg [50] . The boson spectral function is expressed by the following general structure [6] 
where the first term represents the long-lived bosons with the renormalized energỹ E q and the second contribution describes the incoherent background which is spread over a wide range of energies. Upon approaching T c the incoherent background is partly expelled from the low energies and, therefore, the long-lived bosons increase their life-time. This feature is going to affect the charge transport. The charge dynamics in the pseudogap region is thus determined by the following processes:
• the single particle fermion excitations between the lower and upper Bogoliubovlike branches which are separated near k F by 2∆ pg (T ) (one should keep in mind that the shadow branch fades away for temperatures exceeding T * when it merges the broad incoherent background),
• the single particle boson excitations which due to a gradual increase of the quasiparticle life-time (this issue is at some length discussed in [6] ) contribute a non-diffusive type of transport.
In figure 9 we present the optical conductivity calculated for the London limit q → 0 using the boson fermion model in the pseudogap regime T * > T > T c . We notice a sizable reduction of the dynamic conductivity at frequencies below 2∆ pg . For comparison, let us remark that in the isotropic superconducting phase the absorption of external field quanta occurs above the energy threshold ω 2∆ sc . For the pseudogap phase we obtain that the infrared absorption is not completely forbidden. However, it is strongly suppressed. This effect signifies the action of the pair fluctuations on the optical conductivity. Such a behavior has been indeed observed experimentally in the underdoped optimally doped cuprate superconductors from the measurements of the c-axis [52] and ab-plane [53] optical conductivity.
Summary and conclusions
We have studied the strongly interacting systems focusing on the calculation of the spectral and transport properties, such as: dc conductivity of the strongly correlated alloys, the non-equilibrium conductance G(V ) via quantum dots coupled to the superconducting leads with various symmetries of the order parameter, and the optical conductivity σ(ω) for the high temperature superconductors in the pseudogap phase.
Our main findings are: (i) the interplay of disorder and correlations manifests itself inter alia as a nonmonotonic dependence of dc conductivity with respect to the Hubbard interaction U.
(ii) in a regime of the strong on-dot correlations, the tunnelling is dominated by the single particle current since the Andreev reflection processes are strongly suppressed. The calculated differential conductance and density of states exhibit the rich structure, which depends on a symmetry of the order parameter of superconductor.
(iii) the pseudogap remarkably effects the ac charge transport of the system. At frequencies smaller than 2∆ pg there occurs a partial suppression of the optical conductivity similar to that observed in a superconducting state. This is in agreement with the measurements for the underdoped and optimally doped high temperature superconductors above T c .
